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From previouswork [2,31 theconditionsfollow underwhich a classicalspatiallynonuniforminfinite systemobeying
theLiouvile equationwill evolve(irreversibly)accordingto the Boltzmannintegrodifferentialequationandsatisfymolecu-
lar chaosat all times.

It hasbeenmade clearin recentyearsthat a basic sothatwe only stressherethe differenceswhich arise
approachto thestudyof nonequilibriumphenomena in thecaseof nonuniformfluids.
canfollow from a closeanalysisof the lawsof micro- We considera classicalconservativesystemof N
scopicdynamics,for instancetrying to relatethe identicalpoint-particlesof massm in avolume V
Liouvile equationto intuitive kinetic equations[1]. whosestateat any time t is describedby theN-body
A fruitful formal approachin this directionmakesuse distributionfunctionFN satisfyingthe Liouville equa-
of the projectionoperatortechniques~. Recently tion, i.e. aFN/at= —iLNFN,where
[2], we haveproposedalong the samelines a newfor- N N

malismfor the analysisof spatiallynonuniformfluids LN = —i - + z~a~(I~I) - (a —

in nonequilibriumstateswhich generalizesprevious /=1 m E1q1 /<lll aq1 ap1 ap1
studieson uniform fluids [3—5].The aim of thepres- (1)
ent letteris to deepenon the relationbetweenthefam-
iliar Boltzmannintegrodifferentialequationandthe rfl = — q1, using familiar notation.The pairpoten-
Liouville equationasfollows from thework in refs. [2] tial p correspondsto a repulsiveinteractionbetween
and [3] . In particularwe want to stateherethecondi- particleswith a finite rangeX. The reduceddistribu-
tions of validity of the phenomenologicalBoltzmann tion functionsF~(q~~, pfl; t) correspondingto any set
equation,i.e. the preciseconditionwhich allows to ob- of n <N particlesin thesystemsatisfy thewell-
tam this equationby “contracting” the description known BBGKY hierarchyequations.Theprojection
which providesthe Uouville equation,and alsothe of theseequationsby meansof theprojectionoperator
validity of the so-called“factorizationtheorem”in ki- n

netic theory. Thegrossfeaturesof theformalismin — -.—~-—— (d n ~ — R (2)
ref. [2] are similar to thoseof uniform fluids [3,4]; — v~—

1~‘ q ~~
1_1q1 /

1 . - . where~ denotestheDirac delta function andR theBecariode la FundacionJuanMarch,Spain. .

* 1 See,for instance,ref. [61 andotherreferencesquoted position of the centerof masscorrespondmgto the

therein, subsystemof n particles,yieldsin thethermodynamic
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limit (N -+ 00, v -÷ 00, N/V = D finite and constant)a are to be emphasized.First,the initial correlations(as
newhierarchy[2] which givesthe rateof changeof describedby eq.(3)) vanishin the limit (5), thusvan-
thedistribution functionsf~(R, ph; t) r’F~.One of ishingthecontributionof the initial statein thetem-
theadvantagesof the equationsof thishierarchyis poralevolutionof f~(s).Second,thewave vectorargu-
that theyonly contain,unlike usual seriesexpansions, mentsoffn andf~+~becomeidentical,i.e. the rate
a finite numberof termsat anygivenorderinD. The of changeoff~(R)dependson setsof n + 1 particles
resultingequationsaremoreusefulin Fourierspace, with thesamecenterof massastheoriginal set of n
i.e. whenthey refer to thetime evolutionof the particles.The significanceof this point is analyzedat
Fouriercomponentsfn(k, pfl; r), thusobtaininga theendof this note.
closesimilarity betweentheformalismsfor uniform To obtaineq.(6) we only haveto discardfrom our
andnonuniformsystems. (exact)hierarchyone termwhich(at finite times) is

Let us assumethat theaboveinfinite systemis in of orderD2. ThisD2-term,which happensto be the
an (initial) statecharacterizedby finite-rangedcorrela- sumof an infinite numberof termsin previouspertur-
tionsin thesensethat bative formalisms,contains(in the thermodynamic

limit) the dynamicsof subsystemsof only twopar-
ticles [2,3] . Thus,our methoddoesnotdealwith anF (q~ip~? 0~= F ‘ •‘ 0~‘1 + ( n ~

/ 1=1 1’~j’ 1’ IL n’~ ‘ ‘ -‘~ ‘ infinite seriesof termsinvolving the dynamicsof three,
(3) four, ..., particles.TheD2-termvanishesif awell-de-

wherethe correlationfunctionsg~(O)vanish if 1r
111 fined function of therelativedistanceof two particles,

~ for all pairs of particles(j, 1) (notethat~ r11, has a properlimit when -400 or,equivalently,
This readilyleadsin the thermodynamiclimit to the if thetime averageof a certainfunctionvanishes.This
factorizationof the functionsf~(0)in thesense turnsout to bea very reasonableassumption[2,3] and

canbe provedto be thecasefor a limited classof po.
- tential functions [5].

fnV” psi; 0) = F1(k/n, ii1 0). (4) The conditionsstatedup to heresuffice for a

Boltzmanndescriptionof the systemto be valid in the
Moreover,let us assume“small” derivativeswith re- caseof (initial) spatialuniformity, aswas previously
spectto R at t = 0, i.e. only weakinhomogeneitiesin shown [3] usinga projectionoperatordifferent from
the(initial) stateof the system.We may accountfor (2). In fact,making k= 0 in eqs.(4) and(6) those
this conditionin theformalism by introducinganew equationsimply that f1(p; s) will satisfythe
wave-vectorscalek = DK andthe limit Boltzmannequation(withoutstreamingterm)and

thatf (p’
1 s) will befactorizedasa productof f

1’sD-÷0 t—~-°°Dts finite. (5) n
during thewhole systemevolution. In thecaseof non-

Undertheaboveconditions,the introductionof this uniform (actually,weaklynonuniform)systems,how-
limit in the formalismreducesour hierarchyfor the ever,the systemwill evolveaccordingto the
rateof changeoff~to the form Boltzmanndescriptionwhen the initial statesatisfies

a molecularchaosin thesense
~~f~(K,pn;s)= _i__-.Icf~(K,p?i;s)

(6) F~(q,p°;0) fl F~(q,p1O). (7)
n j—1

+EK(j,nl-1)f (~( n+1.~\
/ = 1 B ‘ + 1 ‘p This completesthe conditionswhich allow to derive

in the generalcasethe Boltzmannequationandthe
whereF representsthe conjugatedmomentumof R persistenceof the factorization(7) from the Liouville
andK~1,n1~~is theBoltzmanncollision operatorasso- equation.
ciatedwith particles/ andn + 1 [3] . Thisis accom- We also mentionon thesignificanceof conditions
plithed by makinganadditionalassumptionwhich we (5) and(7) which introducesevererestrictionson the
discussin thenext paragraph.Two featuresof eq. (6) validity of the familiar Boltzmanndescription.Condi-
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tion (5) hasbeendiscussedin ref. [6] whereit is thegiven setof n particles.Finally,we note that the
claimedthat,in orderto obtainirreversibleequations identity of thewave vectorargumentsof ‘n andtn+1
from reversibleones,oneneedsto introducea new in eq.(6) togetherwith thepersistenceof themolecu-
time scale(concerningour “observations”on the sys- lar chaosin thesenseof eq.(7) (q

1 ~ q) meansthat
tem).The rateof changeof f~(s)(in the news-time the evolutionof any setof particleswithin a smallre-
scale)is a consequenceof many collisionsbetweentwo gion (1r111 <~)isinfluencedonly by particlesin that
instantsof observations;the irreversibleevolutionof region.
thesystemisthusformally obtainedby meansof
somekind of “temporalcoarse-graining”.On the References
otherhand,the initial condition(7) is a particular
caseof theassumption(3). In fact, the probability [1] E.g.: R. Balescu,Equilibrium andnonequillbriumstatisti-
F~(q’

1) factorizesasa productof F
1(q1)’s for posi- calmechanics(Wiley, New York, 1975).[21J. Biel andJ. Marro, Statisticalapproachto the kineticsof

tionssuchthat r111 > ~, i.e. if theparticlesare initially nonuniform fluids, preprint.

far enoughfrom eachother;now for positionsq1 such [3] P. Mazur andI. Biel, Physica32 (1966) 1633.
that rfll <~,where~ is thecharacteristiclength for [4] J. Bid andJ. Marro, Nuovo Cimento B20(1974) 25.

the inhomogeneitiesin the system(of theorderof the [5] J. Biel, I. Marro andL. Navarro, Phys.Lett. 44A (1973)

inverseof the smallgradientsaF~(0)/aR)onecanre- 41; Nuovo Cimento B20 (1974) 55.[6] J. Biel, in: Transport phenomena,eds.G. Kirczenowand
placeevery q1 by the sameq. Thus condition(3) im- J. Marro (Springer, Berlin, 1974).

plies(7) whenonehas~< Ir,qI~’for anypair (/, 1) in
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