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From previous work [2,3] the conditions follow under which a classical spatially nonuniform infinite system obeying
the Liouville equation will evolve (irreversibly) according to the Boltzmann integrodifferential equation and satisfy molecu-

lar chaos at all times.

It has been made clear in recent years that a basic
approach to the study of nonequilibrium phenomena
can follow from a close analysis of the laws of micro-
scopic dynamics, for instance trying to relate the
Liouville equation to intuitive kinetic equations [1].
A fruitful formal approach in this direction makes use
of the projection operator techniques *!. Recently
[2], we have proposed along the same lines a new for-
malism for the analysis of spatially nonuniform fluids
in nonequilibrium states which generalizes previous
studies on uniform fluids [3—5]. The aim of the pres-
ent letter is to deepen on the relation between the fam-
iliar Boltzmann integrodifferential equation and the
Liouville equation as follows from the work in refs. [2]
and [3].In particular we want to state here the condi-
tions of validity of the phenomenological Boltzmann
equation, i.e. the precise condition which allows to ob-
tain this equation by “contracting” the description
which provides the Liouville equation, and also the
validity of the so-called “factorization theorem” in ki-
netic theory. The gross features of the formalism in
ref. [2] are similar to those of uniform fluids [3,4] ;

! Becario de la Fundacién Juan March, Spain.
1 See, for instance, ref. [6] and other references quoted
therein.

so that we only stress here the differences which arise
in the case of nonuniform fluids.

We consider a classical conservative system of N
identical point-particles of mass m in a volume V
whose state at any time ¢ is described by the N-body
distribution function F), satisfying the Liouville equa-
tion, i.e. 8F /8t = —iLyFy;, where

N N
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ri=q;— 4 using familiar notation. The pair poten-
tial ¢ corresponds to a repulsive interaction between
particles with a finite range \. The reduced distribu-
tion functions F,(q", p"; t) corresponding to any set
of n < N particles in the system satisfy the well-
known BBGKY hierarchy equations. The projection
of these equations by means of the projection operator

n
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where § denotes the Dirac delta function and R the
position of the center of mass corresponding to the
subsystem of # particles, yields in the thermodynamic

159



Volume 68A, number 2

limit (N - o, V' > o0, N/V = D finite and constant) a
new hierarchy [2] which gives the rate of change of
the distribution functions f, (R, p"; £) = I'F,,. One of
the advantages of the equations of this hierarchy is
that they only contain, unlike usual series expansions,
a finite number of terms at any given order in D. The
resulting equations are more useful in Fourier space,
i.e. when they refer to the time evolution of the
Fourier components f,(k, p"; t), thus obtaining a
close similarity between the formalisms for uniform
and nonuniform systems.

Let us assume that the above infinite system is in

an (initial) state characterized by finite-ranged correla-

tions in the sense that

n
F,(q",p";0)= I_]l F(g;,p;; O)[1 +g,(q", p"; 0)],
' 3
where the correlation functions g, (0) vanish if |’jl|
2 £ for all pairs of particles (7, 1) (note that & ~ X).
This readily leads in the thermodynamic limit to the
factorization of the functions £, (0) in the sense

fulle, 2, 0) ]ﬂl Fy(kjn,p;; 0). @)

Moreover, let us assume “small” derivatives with re-
spect to R at £ = 0, i.e. only weak inhomogeneities in
the (initial) state of the system. We may account for
this condition in the formalism by introducing a new
wave-vector scale K = Dx and the limit

D —0,t >0, Dt =g finite. (5)

Under the above conditions, the introduction of this
limit in the formalism reduces our hierarchy for the
rate of change of f, to the form

a P ;
—_ . = _j—- .
=P, P73 5) = —i 7=k £, (%, P 5)
(6)
n
+1§>1 KYmOf 6,07 s),
where P represents the conjugated momentum of R
and K g””ﬂ) is the Boltzmann collision operator asso-
ciated with particlesj and n + 1 [3]. This is accom-

plished by making an additional assumption which we
discuss in the next paragraph. Two features of eq. (6)
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are to be emphasized. First, the initial correlations (as
described by eq. (3)) vanish in the limit (5), thus van-
ishing the contribution of the initial state in the tem-
poral evolution of f,(s). Second, the wave vector argu-
ments of f,, and f,,{ become identical, i.e. the rate
of change of f,,(R) depends on sets of # + 1 particles
with the same center of mass as the original set of n
particles. The significance of this point is analyzed at
the end of this note.

To obtain eq. (6) we only have to discard from our
(exact) hierarchy one term which (at finite times) is
of order D2. This D2-term, which happens to be the
sum of an infinite number of terms in previous pertur-
bative formalisms, contains (in the thermodynamic
limit) the dynamics of subsystems of only two par-
ticles [2,3] . Thus, our method does not deal with an
infinite series of terms involving the dynamics of three,
four, ..., particles. The D2-term vanishes if a well-de-
fined function of the relative distance of two particles,
rj;, has a proper limit when Irﬂl — o0 o1, equivalently,
if the time average of a certain function vanishes. This
turns out to be a very reasonable assumption [2,3] and
can be proved to be the case for a limited class of po-
tential functions [5].

The conditions stated up to here suffice for a
Boltzmann description of the system to be valid in the
case of (initial) spatial uniformity, as was previously
shown [3] using a projection operator different from
(2). In fact, making x = 0 in egs. (4) and (6) those
equations imply that f;(p; s) will satisfy the
Boltzmann equation (without streaming term) and
that f,(p"; 5) will be factorized as a product of fi’s
during the whole system evolution. In the case of non-
uniform (actually, weakly nonuniform) systems, how-
ever, the system will evolve according to the
Boltzmann description when the initial state satisfies
molecular chaos in the sense

F,(q.p";0) =]_l:[1 Fi(q.p;; 0). (7

This completes the conditions which allow to derive
in the general case the Boltzmann equation and the
persistence of the factorization (7) from the Liouville
equation.

We also mention on the significance of conditions
(5) and (7) which introduce severe restrictions on the
validity of the familiar Boltzmann description. Condi-
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tion (5) has been discussed in ref. [6] where it is
claimed that, in order to obtain irreversible equations
from reversible ones, one needs to introduce a new
time scale (concerning our “observations” on the sys-
tem). The rate of change of £,,(s) (in the new s-time
scale) is a consequence of many collisions between two
instants of observations; the irreversible evolution of
the system is thus formally obtained by means of
some kind of “temporal coarse-graining”. On the
other hand, the initial condition (7) is a particular
case of the assumption (3). In fact, the probability
F,(q") factorizes as a product of F l(q]-)’s for posi-
tions such that |ry| > £, i.e. if the particles are initially
far enough from each other; now for positions q; such
that Irjll < ¢, where { is the characteristic length for
the inhomogeneities in the system (of the order of the
inverse of the small gradients 38, (0)/dR) one can re-
place every ¢; by the same ¢. Thus condition (3) im-
plies (7) when one has £ < |r;|{ for any pair (j, ) in
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the given set of n particles. Finally, we note that the
identity of the wave vector arguments of f;, and f;,ﬂ
in eq. (6) together with the persistence of the molecu-
lar chaos in the sense of eq. (7) (q]- ~ ¢) means that
the evolution of any set of particles within a small re-
gion (Irﬂl < {) is influenced only by particles in that
region.
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