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From seriesexpansionsestimatesof Sykeset a!. it is concludedthat theratio B
61 I’E6 for thecritical amplitudes

correspondingto the critical exponentsf3, ~yand6, respectively,behaveslike a universalquantity,within reasonable
bounds,for thesite andbond percolationproblem.

The phenomenologicaltheoriesof scalinganduni- iant underlatticestructure,but dependenton dimen-
versalityhaveplayed,togetherwith renormalization- sionality.
groupprocedures,an importantrole in the studyof Now, from eqs.(1) and(2) oneobtainsB =

thermodynamicbehaviornear the critical point,
throughtheuseof critical exponentsand,veryrecent- F = x~f~urn [~7/7(~)],
ly, amplitudesto characterizeuniversalityclasses.

Following standardnotationin magneticlanguage wherethelimit termis a universalquantity,andD
[1], one may write the dimensionlessequationof = f

0. It immediatelyfollows, given the scalingrelation
statenear the critical pointTc: betweenuniversalcritical exponents,y = f3(~— 1),

H=MIMl
6~f(x), xT~1lM (T Ta), (1) that

R—FDB61, (3)whereH standsfor the magneticfield,M for the mag-
netization,andT for theabsolutetemperature.From is a universalratio betweencriticalamplitudeswhen-
eq.(1) onecanthen derivetheasymptoticcritical everthe universalityhypothesisholds.
relations This possibilityhasbeenanalysedvery recentlyfor

M = B[(T — T)/T ] ~ ~ T a numberof modelsystemsandrealmaterials [1]c c c’ ‘2 ~ often with rathercrudedata,andin connectionwith
x= F E(T — T )/T 1 ~1 T> T k a~ thetwo-dimensionalsitepercolationproblem [2]

c~ ‘ C’ also inconclusively due to inaccuraciesinD and,pos-

atH= 0, and sible,in ~. It is the purposeof this noteto give a more

H = DMIMI6 —1 T = T (2b) stringenttestfor the universalityhypothesisbothforc’ site andbondtwo-dimensionalpercolationbasedon

with x the susceptibility;j3, y and~ representthe new, more accuratedata.
usualcritical exponents,andB, F andD the corre- In percolationtheorya “cluster” is defmedasa
spondingcritical amplitudes,definedthrough(2). set of nearest-neighbor-connectedsitesoccupiedby
After introducingthenon-universalconstantsf

0 particlessurroundedby emptysites.The particlesare
‘f(0) andx0 suchthatfi—x0) = 0, andrescalingthe assumedto be independentandrandomlydistributed

functionf(x), .7’(~)= T(x/x0)= f~f(x),universality on the sitesof agiven lattice with probabilityp that a
implies [1] that thenew scaledfunctionT(~)hasto givensite is occupied(with an obviousextensionto
be the samefor all systemsbelongingto a givenequiv- the caseof bondpercolation).The percolationprob-
alenceclass.In particular,f~)is expectedto be invar- lem is then characterizedby the onsetof an infinite

size clusterabovea critical concentrationof particles,
* Partially supportedby AFOSRGrant No. 73-2430B. ~ and the phenomenonis known to bear a close
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Table1
Numericalestimatesfor thesupposeduniversal,ratio R’ (seeeq.(6)) betweencritical ampiltudes,ascomputedfrom databy
Sykeseta!. [6J. ______________________________________________________________________________

Lattice

Problem Triangular Simplequadratic Honeycomb

Site 1.251 (±0.008) 1.255 (±0.031) 1.262(±0.019)

Bond —— 1.258(±0.010) 1.253(±0.005) 1.250(±0.007)

formal analogy[3] with themagneticcritical behav- Thecritical behavior(5) is consistentwith newdata
ior discussedabove.In fact, scaling ideasare applied on seriesexpansionfor thecritical exponentsandfor
anduniversalityispostulated.Onecanpostulate [2] thevalue°~p~for differenttwo-dimensionallattices
that thecluster size distributionn1 (i.e. densityof [6].
clustersof a given size1 is givenby Using(4) in (5) and theusualscalingrelationsfor

critical exponents,it easilyfollows (noteEcrD—~/6)
n1 = c01_Tf(x), x = c11°(j~— (4) that theratio R cx FE~B

6 1, analogousto (3), be-
wherec

0 andc1 are positiveconstantsanda = 1 /i3~, tweencriticalamplitudesfor the percolationproblem
r = 2 + 1/~in the usualnotation[3, 4]. Hereone takes (bothfor site andbondpercolationdue to thebond-
s0 E~In1 = 1 atp <pa,andthe infmite size clus- to-sitetransformation)or, more conveniently,
terexcludedfromthis andthefollowing sums,i.e.,p~ R’ = Fl/6E—lBl— 1/6 cx R1/6 (6)
is definedby therelations0 < 1 at p ~ The func-
tionf(x) in (4) is assumed,as in the thermodynamic hasto definea universalquantityif thehypothesisof
problem,to be analyticanduniversalandthe analo- universalityis valid (assumingscaling).Note that the
gousto the critical thermodynamicamplitudesin (2) samecanbe concludedavoiding [71theuseof eq.(4).
are definedasfollows. (Note theusehereof symbols Thebestcurrentestimatesfor the critical ampli-
usedbeforefor differentquantities.)The asymptotic tudes,B,F andE arethoseby Sykeset al. usingstand-
critical behaviorof the percolationprobabilityF, are Padéapproximantstechniqueson highandlow
i.e.,thefraction of lattice sitesbelongingto the infin- densityandfield expansions,respectively[6] . The
ite percolatingcluster,which correspondsto thezero correspondingerrorsare assumedto be independent
field magnetizationin thethermodynamicproblem,is from eachotherin our calculations(in anycase,the

error inB stronglydominatesthe others).Thuswe
P = 1 — ~ in1 = B(q — q~)P, q ~ (5a) obtainfor R’ correspondingto thetriangular,simple

squareandhoneycomblattices,bothfor site andbond
whereq = 1 — p. The so-called“mean clustersize”, percolation,the valuesin table 1, with theaccompany-
correspondingto the zerofield susceptibility,behaves lagerrors.Thevalue 1.253(±0.006)is the bestuniver-
as salestimatefrom thatdata,and it iswell within the

quotedrangesfor eachcase.Soit seemsreasonableto
S = ~l2n, = F(q — q~)

7, q (5b) concludethat,for the latticesconsidered,R’behaves

like a universalquantityandthat bondandsite perco-
andfor the “critical isotherm”behaviorat p = p~one lation belongto the sameuniversalityclass.
can introduce[5] afield variableH so that
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