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From series expansions estimates of Sykes et al. it is concluded that the ratio B8~1 I'E 9 for the critical amplitudes
corresponding to the critical exponents 8, v and 8, respectively, behaves like a universal quantity, within reasonable

bounds, for the site and bond percolation problem.

The phenomenological theories of scaling and uni-
versality have played, together with renormalization-
group procedures, an important role in the study of
thermodynamic behavior near the critical point,
through the use of critical exponents and, very recent-
ly, amplitudes to characterize universality classes.

Following standard notation in magnetic language
[1], one may write the dimensionless equation of
state near the critical point T':

H=MM?-1f(x), x=T;UMIKT-T), (1)

where H stands for the magnetic field, M for the mag-
netization, and T for the absolute temperature. From
eq. (1) one can then derive the asymptotic critical
relations

M=B[(T, - T)/T,)%, TST,
(2a)
x=C[T-THT.,]"", TRT,,
at H=0, and
H=DMIM?®-1, T=T_, (2b)

with x the susceptibility; 8, v and & represent the
usual critical exponents, and B, I" and D the corre-
sponding critical amplitudes, defined through (2).
After introducing the non-universal constants f
=f(0) and x, such that {—x,) = 0, and rescaling the
function f(x), F(%) = flx/x,) = f5 1£(x), universality
implies {1] that the new scaled function f(¥) has to
be the same for all systems belonging to a given equiv-
alence class. In particular,f('i) is expected to be invar-
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iant under lattice structure, but dependent on dimen-
sionality.
Now, from egs. (1) and (2) one obtains B = x;#,

r=xys" lim @G,

where the limit term is a universal quantity, and D
=f,- It immediately follows, given the scaling relation
between universal critical exponents, v = §(6 — 1),
that

R=TDB’-1, 3)

is a universal ratio between critical amplitudes when-
ever the universality hypothesis holds.

This possibility has been analysed very recently for
a number of model systems and real materials [1]
often with rather crude data, and in connection with
the two-dimensional site percolation problem [2]
also inconclusively due to inaccuracies in D and, pos-
sible, in §. It is the purpose of this note to give a more
stringent test for the universality hypothesis both for
site and bond two-dimensional percolation based on
new, more accurate data.

In percolation theory a “cluster” is defined as a
set of nearest-neighbor-connected sites occupied by
particles surrounded by empty sites. The particles are
assumed to be independent and randomly distributed
on the sites of a given lattice with probability p that a
given site is occupied (with an obvious extension to
the case of bond percolation). The percolation prob-
lem is then characterized by the onset of an infinite
size cluster above a critical concentration of particles,
P, and the phenomenon is known to bear a close
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Table 1
Numerical estimates for the supposed universal, ratio R’ (see eq. (6)) between critical amplitudes, as computed from data by

Sykes et al. [6].

Lattice
Problem Triangular Simple quadratic Honeycomb
Site 1.251 (+0.008) 1.255 (£0.031) 1.262 (£0.019)
Bond 1.258 (x0.010) 1.253 (0.005) 1.250 (x0.007)

formal analogy [3] with the magnetic critical behav-
ior discussed above. In fact, scaling ideas are applied
and universality is postulated. One can postulate [2]
that the cluster size distribution #; (i.e. density of
clusters of a given size / is given by

ny =COI_Tf(x)’ X = lo(pc _p)s (4)

where ¢ and ¢ are positive constants and 0 = 1 188,
7 =2+ 1/6 in the usual notation [3, 4]. Here one takes
S0 = Zjzy {ny=1at p<p,, and the infinite size clus-
ter excluded from this and the following sums, i.e., p,
is defined by the relation s3 <1 at p 2 p_. The func-
tion f(x) in (4) is assumed, as in the thermodynamic
problem, to be analytic and universal and the analo-
gous to the critical thermodynamic amplitudes in (2)
are defined as follows. (Note the use here of symbols
used before for different quantities.) The asymptotic
critical behavior of the percolation probability P,

i.e., the fraction of lattice sites belonging to the infin-
ite percolating cluster, which corresponds to the zero
field magnetization in the thermodynamic problem, is

P=1—lElnz=B(q—qc)", 454, (52)
where ¢ = 1 — p. The so-called “mean cluster size”,
corresponding to the zero field susceptibility, behaves
as

§= ;lzn, =Iq-4)7", 44 (5b)

and for the “critical isotherm” behavior at p = p, one
can introduce [5] a field variable H so that

1-— Z;Inle_l-” =p-1/sp1/s o« E(1 _e~H)1/s,
!

p=pe H~0. (5¢)

The critical behavior (5) is consistent with new data
on series expansion for the critical exponents and for
the value of p, for different two-dimensional lattices
[6].

Using (4) in (5) and the usual scaling relations for
critical exponents, it easily follows (note £ « D-1/8)
that the ratio R « 'E~%B%—1 analogous to (3), be-
tween critical amplitudes for the percolation problem
(both for site and bond percolation due to the bond-
to-site transformation) or, more conveniently,

R'=F1/8E~131—1/8 och/ﬂ’ (6)

has to define a universal quantity if the hypothesis of
universality is valid (assuming scaling). Note that the
same can be concluded avoiding [7] the use of eq. (4).

The best current estimates for the critical ampli-
tudes, B, I" and E are those by Sykes et al. using stand-
are Padé approximants techniques on high and low
density and field expansions, respectively [6] . The
corresponding errors are assumed to be independent
from each other in our calculations (in any case, the
error in B strongly dominates the others). Thus we
obtain for R’ corresponding to the triangular, simple
square and honeycomb lattices, both for site and bond
percolation, the values in table 1, with the accompany-
ing errors. The value 1.253 (£0.006) is the best univer-
sal estimate from that data, and it is well within the
quoted ranges for each case. So it seems reasonable to
conclude that, for the lattices considered, R' behaves
like a universal quantity and that bond and site perco-
lation belong to the same universality class.

The author would like to thank D. Stauffer for sug-
gesting him the problem and M. Kalos for valuable dis-
cussion and facilities through ERDA Contract No.
E(11-1)-3077.
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