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Abstract

We consider a kinetic model whose evolution is described by a Boltzmann-
like equation for the one-particle phase space distribution f(x,v,7). There
are hard-sphere collisions between the particles as well as collisions with
randomly fixed scatterers. As a result, this evolution does not conserve
momentum but only mass and energy. We prove that the diffusively
rescaled f°(x,0v,1) = f(¢7'x,0,67%t) tends, as € — 0, to a Maxwellian

Mpor = W exp[—%], where p and T are solutions of coupled diffusion

equations and estimate the error in Liv.
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Mathematics Subject Classification numbers: 82C40, 76505

1. Introduction and results

We study a kinetic model investigated by Garrido and Lebowitz in [11] in which only the
mass and the energy are conserved by the evolution but not the momentum. This models the
flow of a gas (or fluid) in a porous medium. It can also be seen as the Grad—Boltzmann limit
of a hard sphere system elastically scattered by randomly distributed obstacles. It thus serves
as a simplified example for the derivation of macroscopic equations from mesoscopic kinetic
ones: the number of conserved quantities is reduced from five to two. There are at present no
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rigorous derivations of hydrodynamic equations in the diffusive limit when there are five con-
served quantities and density and temperature are space-time dependent to the lowest order.
Here we extend the heuristic analysis of this system in two dimensions described in [11] and
give a fully rigorous derivation of the appropriate coupled diffusion equations.

The model is defined in the following way:

Let Q be the three dimensional unit torus. x € € denotes the position of the particle and
v € R2 its velocity. The kinetic equation on 2 x R3 is

8F +v-VF = Q(F), (1.1)
with Q(F) = Qp(F, F) + aQu(F), a > 0, where Qp(F, H) is the symmetrized Boltzmann col-
lision operator for hard spheres [4] defined as

Os(F,H)(v)

=3 /}R dw /S dwB(o — wW)F@)H() + FH(E) ~ F@H() - FwHE)L,  (12)

with w € S? and S? the unit sphere in R? . v/ = v — [(v —w) - w]w, W =0+ [(v— W) - W]w,
and B(V,w) = |V - w| is the hard spheres cross section and Q4(F) models elastic collisions
with randomly distributed infinite mass scatterers at rest whose effect is to remove part of the
momentum during collisions. Therefore Q,(F) is a linear operator conserving only mass and
energy, not momentum, so that

[ wwour)=o. [ aoilour) o (13)
R3 R3
for any F, but

/ dvoQu(F) # 0, (1.4)

R
for some F. We also require that the corresponding entropy dissipation is negative

D, (F) :/dx/vad(F)logFgo. (1.5)
Let M, r be the local Maxwellian with p, u and T possibly depending on space and time

_ p _ (w=w?
Mot = Garypn® 7 (1.6

We set
n(p,u,T) = —Dy(M,,7r) >0, with n(p,u,T)=0 iffu=0. (1.7)

We can model the non momentum conserving collisions with the background by various
choices of Qu(F) [11].
We prefer here, for simplicity of presentation, to consider the operator

0u(F) = /S dw[F (0 — 20+ w)w) — Fo)]o - wl. (1.8)

The results in this paper apply to all choices in [11]. Note that, since
|v — 2w(w - v)| = |v], Qu(F) =0 if F depends on v only through |v|. By the Boltzmann H
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theorem, Dg(F) = f¢dfo3 dvlog FQp(F,F) < 0 and vanishes if and only if F =M,,7.
Moreover, if a > 0, we have also

QB(F,F) —‘rO[Qd(F) =0 iffF:MpYO,T. (19)
In fact, if Qg(F, F) + aQ,(F) = 0, multiplying by log F and integrating, we obtain
Dp(F) + aDy(F) = 0.

But both are non positive, so we must have Dg(F) =0 and D,(F) = 0. The first implies
F=M,,r. By the second of (1.7) then u = 0 and we get the conclusion.

From now on we assume « > 0.

To look at the behavior of the solution on the diffusive space-time scale [5] we consider the

equation for F¢(x,v,1) = F(e~'x,v,e72t). F® so defined satisfies the equation

OF° +e v VF° = c2Q(F°), (1.10)

and we seek for its solution in the form

3
Fo=p+ Y eFi+ 2/t (1.11)
i=1
where i = M, .
Note that, by total mass and total energy conservation, there is no loss of generality in
assuming

dxdoF© = dxdop, dxdo|o|*F° = / dxdo|o|*p.
QxR3 QxR3 QxR3 QxR3
(1.12)

We prove that, as ¢ = 0, F*(x,0,¢) tends to the Maxwellian M, o7 where p and T are
solutions of the following set of two coupled diffusion equations for the density p and the
temperature:

Op=V- [H%} +V. {H’ﬁ},
01 =V [132] 4+ [, (1.13)

where H, H', H, are transport coefficients whose expressions are (independent of the index i)

H= /dvviﬁ’l(,uvi); H = /dvvi(gf — %)E’l(;w,-); (1.14)

H = [[aom (20~ ) (o (B - 3)0) (1.15)
Here

LF = L4F — aQu(F), (1.16)
where

LpF = —20g(p, F).
We note that E_I(Uju(% —3)) and £7'(vju) are well defined since the functions

,uvj(% — %) and uv; are in the space orthogonal to the null space of £. Thus equations (1.14)

and (1.15) make sense.

4836



Nonlinearity 32 (2019) 4834 R Esposito et al

We remark that the transport coefficients H and H’ diverge as o — 0 because pv; are in the
null space of Lg, so ﬁg‘ is not well defined on the function pv;.
Moreover, we determine also F; as
P1 |UP —3T

Fi=—L""o- L b
=L Vu]+u[p+ ik (1.17)

where p;, T are solutions of linear diffusion equations such that

/dxp] =0, /del =0. (1.18)
Q Q

F;, for i > 1, will be specified later.

The aim of this paper is to show that at the lowest order the behavior of the system is cor-
rectly described by the diffusive system (1.13), or, in other words, to prove the validity of the
expansion (1.11). The main result of this paper is the following

Theorem 1.1. Lett > 0 be fixed and assume that the solution (p, T) to (3.20) and (3.21) have
positive lower bounds and there is C(p, T) < 1such that, for0 < k, ¢ < 4 withl < k+{ < 4,
sup Z(Hvkafp(s)Hz + ”VkatZT(s)Hﬁ < C(p,T). (1.19)
0<s<r 7 :
Assume also that the initial value of F is positive and satisfies (4.27) below. Then, if € < 1,
(1.10) has a positive solution F, represented by (1.11), such that

ln™"2(F = w2 < Ce.

Here, for p > 1, the|| - ||,-norm is defined as
1/p
W, = [/dxdv[f(x, o, )71 5 |fllee = esssup |f(x,v,1)]. (1.20)
X,0

Remark 1.2. Theorem 1.1 holds under the strong assumptions on p, 7 and the bounds
(1.19). Using the parabolic structure of equations (3.20) and (3.21) it can be proved (see e.g.
[9]) that one can choose sufficiently smooth initial data py > p and To > To, for positive
constants g, and T such that the assumptions of theorem 1.1 are satisfied in some finite time
interval (see proposition 4.1).

2. Strategy of the proof

The proof of theorem (1.1) will be given in section 4 and here we only present the main ideas
of the proof.

Once the Maxwellian g and the terms of the expansion Fj, i = 1,2,3 in (1.11) are com-
puted, the main technical problem is to obtain bounds uniform in € for the remainder f, which
solves a non linear problem. To deal with the non linearity we use an iterative procedure
based on two steps. The first step is to study the linear problem obtained by pretending that
the non linear term is computed using the solution of the previous step of the iteration. The
aim is to bound the L?-norm of the solution to the linear problem (see proposition 4.4). The
novelty with respect to previous work using this ideas, e.g. [7], is the fact that the Maxwellian
 depends on x, ¢ through p and T. This produces a term singular in ¢ in the inequality for ||f||3
which has to be dealt with. The most dangerous part of this term, depending on (Pf)? (here P
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is the projector on the space spanned by the conserved quantities) vanishes thanks to the fact
that the Maxwellian p has mean velocity u = 0.

The other terms which have to be dealt with contain a polynomial of degree three in v
which gives troubles for large velocities. To this end, following [10], we introduce a global
Maxwellian p7 with temperature given by the min 7'(x, 7) assumed strictly positive and bound
the high velocity tail of f in terms of the L> norm of h ~ f/ji//fi.. Then h is bounded in
L> by proposition 4.3. The presence of || ||~ in the energy inequality is a serious obstacle to
obtaining a global in time statement. Theorem 1.1 is in fact established for arbitrary ¢ > 0, but
with constants depending on .

Once the linear problem is solved, we need to get bounds on the non linear term. Here we
have another novelty with respect to [7]. In that paper the non linear term is bounded in terms
of L”([0,1],Q, R3) norms of f and its time derivative f,, with p = 3 and 6. Here we cannot use
this method because the equation for f; involves a term which is too singular in €. Therefore we
can only use L? and L>° norms. But the singularity £ ~3/% of the L> norm of / (see proposition
4.3) has to be controlled by a sufficiently high power of ¢ in front of the non linear term and
hence we need to look for a remainder in (1.11) of order £°/? while in [7] € was sufficient. We
remark that, as a consequence, in the present case we need to assume some regularity proper-
ties of the limiting solution, while in [7] the convergence is proved without such assumption.

Remark 2.1. 'We conclude this section by observing that if the random collisions operator
Q. is absent (o = 0), the problem of deriving in a rigorous way hydrodynamic equations in
the diffusive limit, with non homogeneous density and temperature at time zero, is completely
open. A formal expansion shows (see e.g. [2, 5, 13]) that the limiting equations are different
from the Navier—Stokes equations. In stationary non homogeneous situations there are few
results, see for example [1].

3. The expansion

We start presenting the expansion. Following a strategy similar to [7, 8] (where only the first
two terms of the expansion are considered) we look for a solution of the form (1.11),(1.12).
By substituting (1.11) into equation (1.10) we get

— e 72[Q8 (1, 1) + Qa(p)]

+e v Vu+ LF]

+ %0+ v VFi + LF, — Qp(F1, Fy)]

+e'[0,F) +v-VF, 4+ LF3 — 20p(F\, F>)]

+ 2 [0,F, +v - VF3 — 2Qp(F1, F3)] — Qp(Fa, F»)]

+ &3 [0,F5 — 20p(F2, F3)] + €*Q(F3, F3)]

+ 2 (Vf) + o V(VE) + e 2LV
— &7 (208(Fy V) + 25Qn(Fa. Vi) + 25 Qa(Fa VAF)) = €' 0a(V/iF./i)| = 0.

We now examine all the terms in the equation above. The most diverging term
e72[Op(p, 1) + Qua(p)] vanishes because i is a local Maxwellian with vanishing mean
velocity.

To cancel the diverging term of order ¢ ~! we impose

v-Vu+ LF =0. 3.1)
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Since [dvLF =0 and [ do|v]>LF = 0, the previous equation has a solution under the solv-
ability conditons

/dvv -Vp=0, /dv|v|2v -V =0. (3.2)

But v- Vpu is odd in v, so conditions (3.2) are satisfied and one can write the most general
solution to (3.1) in the form

|o]* — 3T

5 - (33)

Fi=—L""o-Vul+pu {ppl +

where the second term is the component of F; in the null space of £. One can choose py, T}
such that

/ dxp; =0, / dxTy; = 0. (3.4)
Q Q
The term of order ¥ satisfies the equation

op+v-VF —Qp(Fi,F1)+ LF, =0. (3.5)
This equation has a solution if the following solvability conditions are satisfied

/dv[@,,u +o. V] =0, /dv|v|2[8tu +0.VF]=0. (3.6)

Hence
v|? - 3T
Fz = —£71 [&u +0- VF] — QB(FI,FI):| + 1% |:P2 + |2T2] s (37)
P 2pT

where p, and T are functions of x, ¢ yet undetermined.
By using the expression of F in (3.3) the solvability conditions (3.6) provide two diffusion
equations for the density and temperature. In fact, writing (3.6) explicitly we get

2 _
/dv{@tu—uv {Ll[uvu] — i [pl + |U|3TT1”} =0, (3.8)

P 2pT?
_ v|? = 3T
/dv\v|2 {a,u—v-v [E o-Vu] —p [p; + |2pT2T1” } =0 (3.9
The last term in both equations vanishes because it is odd in v. Thus, the equations reduce to
/dv{@tu—v-VE‘l[v-Vu]} =0, (3.10)
[oF (o o o1 ) —
o= {0 —v- VL [o- Vi]} =0, 3.11)

The term of order ¢ is canceled by requiring
OF +v-VF,+ LF; —20g(F1,F,) =0. (3.12)
We use this to find Fj:

o> - 3T

o (3.13)

Fy=—-L"" {@F1 +v-VF, — 2QB(F1,F2):| +u {'?; +
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where p3 and T3 are functions of x, ¢ yet undetermined, provided that
/dv(@,Fl +v-VF,;) =0, /dv|v|2(8,F1 +v-VF;) =0. (3.14)

Finally, we are left with an equation for f which will be discussed later.

Now we proceed by finding the explicit expression of the hydrodynamic equations (3.10)
and (3.11).

We have:

o> 3..9T
op — Za /dvv, vju Za /dvv, v]u(ﬁ—i)) T] 0 (3.15)

IUI2 3 dp Op
78, (pT) — g (T / —fi)v,ﬁ Yojp ’— —fE or /dvv, (vju);)]
|v\ 3.0 |v\2 3 aT
—Za / vl — L7 @Gy = 3]
3.0,
—fZa /dvv, (Uf“(%_i)) TT] 0. (3.16)

We can use that £~ ! is self-adjoint with respect to the L? scalar product with weight ! to
write

o> 3 —1 _/ -1 o> 3
/d (ﬁ E)Ujﬁ (’U,/J) = d'U'Ul,C (vjﬂ(ﬁ 5)) (317)
Define the transport coefficients:
—1 / o> 3.
Hy = [ dov;,L™ (pvi);; Hy = [ doy; (ﬁ - E)E (uv;); (3.18)
23 o> 3
H, = [aoo, (2~ 31 2E 3,0, 1
L= e - e iy - Hm) (3.19)
For isotropy reasons Hy = 0;H; Hy; = 0;H'; Hj; = ;H].
Then, the previous equations take the form:
\Y vT
dp =V - [H7p} +V [ ] (3.20)
3 Vp vT
de=V-[(TH + STH)—= ) P14 v [(TH] + 2TH’) T ] (3.21)

where e = %pT is the internal energy density.

To relate the above transport coefficients to the Onsager coefficients, we introduce the
fugacity z (related to the chemical potential y through % = log z) given for the perfect gas in
3d by log z = log £ and write the equations in the form

dp=-V-J, (3.22)

de=—V-J, (3.23)
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where
1
J,=—L,,Vlogz+ LPEV? (3.24)
1
Jo = —L.,Vlogz + Leevf (3.25)
so that
Vp 3 L, VT
Op=V- (LPPT) -V [(ELPP - %)T] (3.26)
Vp 3 L. VT
ate = V . (LEPT) — V . I:(iLep — 7)7} (327)
By comparison,
. / 3 . 2 / 9
H=-L,,;; TH + EH) =—Lye=—L.,; T°(H — ZH) = Lee.

In [11] the form of the transport coefficients for a different choice of the linear Boltzmann
operator and in dimension 2 is discussed.

To get the regularity properties of the transport coefficients we can for example use the
method in [3], where the eigenvalues of the linearized and the linear Boltzmann operators are
studied by an expansion in spherical functions.

Plugging the expression for F; (3.3) and the one for F, (3.7) in the first equation of (3.14)
we get

_ 1 ‘U|2—3T
/dv{c’),(—ﬁ l[v-Vu]+u ;—i_WTl )}
1 pr [0 =3T 3.28
+ d'U'UVI:,C (8,u+UVF1—QB(F1,F1))+u ;+WT2 ]:O ( . )

The first and the third term in the first integral and the first and last term in the second integral
do not give contribution. We are left with

23T
op1 + 3,-/dvviﬁfl [0 V[u(ﬂ + |0‘77*1)] — Q(F1,F1)] =0.

p 2pT?
By using the relation Qg(h,h) = —Lg(p~"h?) and noting that [ dvo;Ly" [EB%'Z] = 0 by odd-
ness, we get

|o]? - 3T

[0 = 3T 9n _
2pT? a

Tl]'i

, —1(, 0 Ve 9. PL
Oip1 "‘81/£ (Pwt)vjaj[p + 2pT? o

T+ o [ £ ol 2 +

which is a linear diffusive non homogenous equation for p;

By proceeding in the same way starting from the second compatibility condition, we get a
linear diffusive non homogeneous equation for 7.

The compatibility conditions (3.6), (3.14) thus turn out to be diffusion equations for p, T, p;
and 7. On the other hand p, and T, are determined by the orthogonality condition (4.19) dis-
cussed in section 4, which are also diffusion equations; the procedure to get the equations for
them is the same and we omit it. p3 and 75 are determined by a different condition (4.20), also
discussed in section 4.
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4. Proofs

In this technical section we construct a solution for the equation for the remainder and prove
theorem 1.1.

4.1. General setup

We need some notation. We denote

Lf = u= 2LV (4.1)
Since p(v — 2w(w - v)) = p(v), we have

Lf = Lgf + La(f), 4.2)
where

Laf = —p"* Ly(Vif),  Laf = —aQa(f). 4.3)

Below, depending on the context, (f,g) denotes the standard L? inner product in L?(R3) or
in L>(Q x R3). As is well known (see e.g. [4]), the quadratic form (f,Lgf) is non negative and
strictly positive if f belongs to the orthogonal complement of the null space of Lz, which is
spanned by the orthonormal functions

_ —1
U= Vo VI = T oni =123, .= \/6pT2 ([o] —3T)/E. (44
On the other hand, a direct check shows that there is Ay > 0 such that

(wi’dej) = )\dézj for i,j = 1,2,3. 4.5)

Let NV be the null space of L. By the previous observations we immediately conclude that
it is the linear subspace spanned by the normalized vectors

Y= VP Vi =T (o —3T) V. (4.6)
In fact, let us consider the quadratic form
(f-Lf) = (f. Laf) + (f, Laf ) 4.7)

If f € N then (f, Lf) = 0. Since the two terms in (4.7) are both non negative, then (f, Lgf) = 0
and (f, Lyf) = 0. Thus f € N and (f,1;) = 0 fori = 1,2,3. Hence N is spanned by (4.6).

Denote by P the projector on such a subspace and by (I — P) the projector on the orthogo-
nal subspace. Then

PL=LP=0. 4.8)
For the Boltzmann collisions Grad proved (see [12]),
Lgf = vaf — Kgf (4.9)

where Kp is a compact operator and v satisfies the following bounds: there are positive
and 7 such that

0 < op{v) < vp(x,v) < 71 (v), (4.10)

with (0) = (1 + |v|%)2. The statement can be easily extended to the present operator L which
can thus be decomposed as

Lf =vf — Kf 4.11)
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where K is a compact operator and v satisfies the following bounds which follow immediately
from (1.8): there are positive v and v such that

0 < v(v) < v(x,v) < v (V). (4.12)
The following spectral inequality holds:

(£ 1f) = Al =PI, (4.13)
for a positive A and

£l = Vel (4.14)

To prove (4.13), we note, as is well known (see e.g. [4]), that for the linear Boltzmann
operator Lg the following spectral inequality holds:

(f.Laf) = Xsl|(T=Pg) I3, (4.15)

where Pyf = Pf + Z;Zl(f, ¥)yyandy; = /%vj.By(4.5)weobtain (4.13) with A = min(Ap, Ay)-
Note that Ay ~ . Thus A\; — 0 asa — 0.

The main core of the proof of theorem 1.1 is the control of the remainder /pf which satis-
fies the following equation

(Vi) + e oV (Vi)
= e 2L(Vif) + e LN (if) + €V 0p(Vif i) + 24, (4.16)
where
L'f =20p(F, + eF, + °F3.f) 4.17)

and

A = [0p(F2, F2) + 205 (F1, F3) + 26Qp(F>, F3) + e2Q(F3, F3) — 0,F2 — €0,F3 — v - VF3].(4 .

For the estimate of f it will be essential that the part of A in the null space of £ vanishes.
For this reason we also impose that

/dv(@th +v-VF3) =0, /dv|v|2(6fF2 +0-VF;) =0. (4.19)

/ dvd,F3 =0, / dv|v|*0,F3 = 0. (4.20)

As before, (4.19) becomes a couple of linear non homogeneous parabolic equations.
Finally, we use the freedom of choice of p; and T3 to ensure (4.20).
We have the following

Proposition 4.1. Assume 0 < po(x), 0 < Ty(x) with finite L> norms. Then, for any t > 0
the equations (3.20) and (3.21) have smooth solutions. Moreover, if (1.19) is verified at time
t =0, then it stays true for t € [0,1]. The functions F; satisfy the inequalities

™ Pl + |l *Filloo < C(p, T), @21

fori=1,2,3.

Proposition 4.1 is a simple consequence of the parabolic regularity and we omit the proof
(see e.g. [9]).
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It is convenient to write

A= EA, T(f.2) = Vi~ Qs(Vif Vig)- (4.22)

‘We note that
PI(f,g) = 0. (4.23)

The equation for f then becomes

1 ;
of +e v Vf + Ef[(a, fe o V)logpu| + e 2Lf =e L' + & T(f.f) + e A, (4.24)
where

L'f =2T(fi + cfr + %.1), (4.25)

and

A=[T(fuf) +20(fi.f) — 1~ 2@ (V1f) + v - V(/if)]
+ 2T (fo.f5) + ET(fnf3) — 1~ 220, (Vi) (4.26)

where we have set f; = u~'/2F;. Equation (4.24) has to be solved with initial datum £(0)
such that

F(0) = 11(0) + eF1(0) 4 €2F2(0) 4 €3F3(0) 4+ >2/u(0) £(0) > 0.  (4.27)

It is standard to check (see e.g. [7]) that it is possible to construct f(0) so that (4.27) is satisfied.
It will be essential to have PA = 0. To this end we have required (4.19) and (4.20) which

imply
Pl 20 (Vif) + 0 - V(Vifs)] =0, Plu='28,(Vifs)] = 0 (4.28)

and hence
PA =0. (4.29)

We note the presence in (4.24) of the divergent term %f [e~'v - Vlog ], which is a source
of extra difficulties. It is due to the use of the decomposition F = + ¢F, + ¢2F, +
e3F5 + &3/2 /iif instead of F + F + €2 F, + 3F3 + £3/2R. However the first decomposition
is useful to take advantage of the spectral properties of the operator L in L?(IR3). Alternatively,
we could use the second decomposition, but then the spectral properties we need should be
sought for in L?(R3, u~') and, when integrating by parts, the weight z~! would produce a
similar term in the resulting equation for ||z~!'/2R||,. As we shall see, the spectral properties
are crucial in our proof, so we need to deal with this extra term.

We will follow the approach in [10] and [7]. Instead of repeating all the proofs in these
papers, we only outline and give explicit proofs when the previous approach has to be modi-
fied to adapt to the case we study. The difference with respect to [10] is that the scaling in this
case is diffusive instead of hyperbolic. The main difference with respect to [7] is in getting a L?
bound for the linear equation due to the presence of the third term in (4.35) below. This term
appears because g depends on x and 7.

First of all we remark that in this term there will be a contribution including a higher power
of velocity, \v|3 'f,which is not present in the case studied in [7]. Following [10], we introduce
L? and L* polynomial norms to control it.
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By the assumption that C(p, T) is sufficiently small, we see that there is T), > O such that
foranyOgsgtande(Z),

Ty < T(s,x) < 2Ty. (4.30)
We define the global Maxwellian
1 —|o|?
i = G eXp{ o } 431)

The inequalities (4.30) imply that there exist constants ¢; and ¢, such that forsome 1/2 < o < 1
and for each (t,x,0)

Crim < p S Coflyy- (4.32)

We stress that the previous bounds are true under the assumption of a slowly varying T'(x, ¢).
Furthermore, we introduce the polynomial w, (v) = (1 + |v|?)? for the control of the cubic
power of velocity. We define & by the position

F=0+pP) ’%h, 4.33)

and choose o > 0 later. Note that in consequence of (4.32) we have
f (x. )] < Clh(x. )], (4.34)
for some C > 0.

4.2. The linear problem

As usual, to deal with the non linear problem (4.24), we use an iterative procedure (see sec-
tion 4.3) where, at the step n of the iteration the right hand side of (4.24) is computed at
step n — 1 and one is left with the solution of a linear problem. Thus we start with the linear
equation

of +e vV + %f[(@t +e'0-V)logu] +e’Lf =g, (4.35)

with some g € L*(Q x R,), such that,

Py — 0. (4.36)
In applying the result, we shall use g of the form

g=c 'L'f + 3T (f.f) + e A, 4.37)

so that (4.36) is satisfied.

As we shall see, the use of the spectral inequality (4.13) in the energy inequality provides
the control of the L2-norm of (I — P)f. What is missing is the control of the Z”-norm of Pf.
This is achieved as in [7], which can be extended to the present setup. We have the following

Proposition 4.2. Suppose Pg = 0. If¢ > 0 is sufficiently small, there exists a function G(r)
such that, for all 0 < s < t, |G(s)| < ||[f(s)||3 and a constant C so that

/ IIPf(T)H?,<C[G(t)—G(S)+€2 [t [ na—P)f(r)ni] 4.38)
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The proof of this proposition is postponed to the next section. Note that in [7] it is only
requested that [ dxdvg = 0, clearly implied by the stronger condition Pg = 0.

As we shall see, the control of the cubic in v term appearing in the energy inequality
requires an L°° estimate of the function % defined in (4.33). This will be achieved by using the
proposition below. As a consequence of (4.35), /& satisfies the equation

1 1
Oh+ —v-Vh+ —Luh =g, (4.39)
€ €
with

_ w
Lyh = ——L wh —w, /g,
wh= e (o Vawh), &=w . (4.40)

where w = (1 + [v]?)°.
Proposition 4.3. Iff solves (4.35) with g given by (4.37) and p, T are smooth solutions to

(3.22) and (3.23) with stricly positive lower bounds uniform in t, such that inequalities (4.32)
are satisfied, then there is a constant C such that, for € suﬁﬁciently small,

sup [[€¥/%A(s) ]l < C|e¥lho]loo + sup IFll2 + 77| >
oSS 0<s<r 1+| |

éIIOO] 4.41)

The proof is given in [7] and [10]. -
This proposition will be used within an iterative procedure where, at some step we know &
and want to compute / using (4.39) with

P s —1/2 w 1/21 _
g=c¢ 'Lyh+e — A+e ( Vih, 1/uMh), 4.42
where
_ w 1 _
LLh=—rL'(— Lph). 4.4
wh =0 (-, Vih) (4.43)

We shall use the bounds [10]:

3

Lishloo < vmllBlloo |l —=— 3 €7 Fi o < v C(p, T) |t oo (4.44)
\/>M i=1
h, —\/iimh ) < w(p)|hl%. 4.4
\ﬁM r m) (1) |1 (4.45)

To get an L? bound on the linear equation we multiply it by f and integrate in x and v to
obtain:

%dgﬂfﬂg + /dxdvf@t log v + 15" /dxdvfzv “Vlogu+ e 2(f. Lf) = (f.g).
! 2 (4.46)

Proposition 4.4. Suppose that C(p, T) is sufficiently small. Iff solves (4.35) with g satisfy-
ing (4.36) and p, T are smooth solutions to (3.22) and (3.23) with stricly positive lower bounds
uniform in t, then, fixed t > 0, there is a constant C such that, for € sufficiently small,
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103+ / ds|| (1 - P)f(s)[2
<2 [ @l )+ et [ ) + 20
0 (4.47)

Proof. Inequation (4.46) the essential difference w.r.t. [7] are the second and third terms. To
bound the third term we split f2 = [Pf]? + [(I — P)f]?> + 2Pf(I — P)f and compute the contrib-
utions separately. The most singular (in ) one is due to |Pf|?, whose size in L? is e ~2-times
larger than ||(I — P)f||3 by proposition 4.2. Fortunately, with Pf = /z[a + c(|v]* — 3T) we
have

/dxdv(Pf)zv Vg = /dxdv[a + ¢(|v]* = 37w - Viog i = 0, (4.48)

because v - V log it is odd in v, while a + ¢(|v|* — 3T) is even in v. Thus the largest term
vanishes. As for the term e ™! [ dxdoPf(I — P)fv - V log j1, we note that

o~ ¥ log ulv™"*Pf||2 < Clp. T)|[Pf2

because the factor /2 in Pf controls the polynomial v~1/2y . Vlog pu. Thus

|~ / drdov"20 - ¥ log uPfv' (1~ P)f| < Ce~'Clp, T)[[Bf[I|(1 = Pl

—

1
< Clp. TIIPFIZ + 5272Clp, D)X= P)FI (4.49)

[\

and the first term is controlled using proposition 4.2.

Now, as in [10] we introduce a cut-off on the velocity ke~ for some a > 0 to be chosen,
and estimate separately the term with low and high velocity.

We bound 3! [ dxdo((I — P)f)?v - V log p1. We have

—‘/dxdv 1-P))%0- Vlog,u‘ / +s—1/ .
o< ke v>KkeT?

The first term is bounded as
e Cp. DI+ o) v 2L o (1= PP

= (£) et py. (4.50)
The high velocity part is bounded as

e Clp. D)1+ 00 Pl | oo | (L= P)f |y < CuClp. T)e |l oo (T = P)f |l

where Cj = ﬁmz)z Moreover we have used that py < Cp and |(1 +0?)3/20=/2f| <
|(1+v?)~2h|foro > 2 4+ 2 and a = 1. Now,

1
CuClp, T)elhlloc|(T=P)f|l2 < CClp, TR + 751 (X —PIFI]

1
< CuClp, T[] + 26-C(p, T)e™2(|(T-P)f|3], (4.51)
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by choosing § = €.
The term

r
/ ds3 / dxduf2, log 11
0

also contains a contribution involving |Pf|> which in this case is not zero. We have
t 1 t
| a5y [ astopriatos < o) [ astla)+ @B @52
0 0

so that proposition 4.2 can be used. The other terms can be controlled as before. Note that
there is no ! factor.
Next, since Pg = 0, we have the bound

_ 1 _
(f.8)] <2 lX=P)FI; + @Szlll/ V2gl3. (4.53)

Summarizing, by using (4.13) we have
1d

5 g3+ 1A= PYIEA =5 = C(p.T)(CR + )]

2
€ _
< @HV 213 + CClp. D)|PFII3 + CuClp. T)e* ]2

. : . (4.54)
Integrating on time between 0 and # we obtain:
1 A 2 2 1 2
SIFOlz +e | dsl|(X =PI (s)lI5[A = v = Clp. T)(Cr™ + Ci)] < SIIF(0)]l2
t 2 t t
+ [ el + ) [ R +cnE [ sk @ss
0 0 0

By using proposition 4.2 we can replace fot ds||Pf(s) |3 by the right hand side of (4.38) so that
(4.55) becomes

1 B t
[5 = CClo. D)2 + = 2/0 ds||(T=P)f()[3[X = v = C(p. T)(CK* + Cp) = CC(p. T)]
1 | _
<[5 = CClp. T O3 + 62/0 dS[ﬂ +CCp, T)]|lv™"g(s)113
t
+ CeClp, T)E / ds|lA(s)|. (4.56)
0
Now we choose the parameters «, v and C(p, T) is such a way that
Lo cepr >t
2 p; 4’
1
A= —C(p,T)(CK* + C.) — CC(p,T) > T

Ly ccpr) <
4y P, 4
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so that (4.57) becomes

Ol+e [ asia- Pyl
0

t - 4.57
EZ/Odsnu V2g(s)|3 4+ CuClp, T /||h 2 + 200 @37

]
Proof of proposition 4.2.

Proof. It can be shown along the lines of [6]. We consider the following weak ver-
sion of (4.35), obtained by multiplying (4.35) by a smooth function v, integrating for
(x,0,5) € Q x R3 x [0, and integrating by parts to move all the derivatives on ¢:

dxdof (x, v, 1) (x, v, 1) — dxdof (x, v,0)1(x, v,0) (4.58)
OxR3 PxR3

t 1 t
- / ds dxdof (x, v, )0 (x, v, 5) + 7/ ds dxdof (x, v, s)1(x,v,5)0; log 1
0 QxRS 2 Jo PxR3

1 t
— 7/ ds dxdof (x, v, s)v - Vip(x,0, 5)
€ QxR3

1 t
+ — ds dxdof (x,v, )Y (x,v,5)v - V1og p
2e QXR3
1 t t
+= / ds dxdv(x, 0, s)(Lf)(x,0,5) = / ds dxdvy(x, v, 5)g(x, 0, 5),
€ Jo QxR3 0 PxR3

for smooth test function ). We apply this for 1) = ,/u¢. Then from (4.58) we get

dxdof (x, v, 1)\/pC(x, v, 1) — /Q . dxdof (x,v,0)/p¢(x,v,0)

QxR3

t t
— / ds dxduf (x,v,5),/10,((x,v,5) — é / ds dxdof (x,v,5)\/pv - V{(x,0,5)
0 QxR3 0

QxR3

+ 12 /t ds dxdo/pC(x, v, 5)(Lf)(x,v,5) = /t ds dxdovg(x,v,s)/1¢(x, 0, ).
e Jo QxR3 0

QXR3
(4.59)

We remark that the bad term disappears due to a cancellation. We can write

Pf = [a+ c(jo]* — 3T)|\/i, (4.60)

for some funtions a(x, 1), ¢(x, ) such that

/dxa X, 1) /dxc X, 1) 4.61)

The conditions (4.61) are satisfied in consequence of the assumption (1.12).
To get bounds on a and ¢ we use some particular functions ¢, and (.. In fact we choose

o= ([o]* = Ba)v - Vbas (4.62)
G = (|U|2 - ﬁc)v -V, (4.63)
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where ¢, solves

—A¢, = a, (4.64)
and ¢, solves

_A¢C =, (4.65)

and [, and f3, are constants to be chosen as in [6, 7]. The zero average conditions for a and ¢
(4.61) are essential to ensure the solvability of (4.62) and (4.63) and they are compatible with
the equation as a consequence of the (1.12). The estimates (4.38) of ||a||, and ||c||» are obtained
asin [6, 7]. O

4.3. The non linear problem

Now we remind that g is given by (4.37). The strategy to construct the solution to (4.24) is to
define a sequence { £ }"=5° of solutions to the following linear problems: % = 0 and, for
n>0

1
Of "W 4 e o v 4 Ef(”) (8 4 e v V) log ] + e 2Lf™ = g, (4.66)
with given g € L2(Q x Ry). In view of (4.24) the choice of g will be

g = e IL ) eap(pOh) fmDy 4 omag, (4.67)

for n > 1. In consequence, we also define 4™ so that

£ = (14 Py, /%th (4.68)

By (4.67), we have

Pg™ = 0. (4.69)
We have the following
Lemma 4.5.
Il 2L (£ )2 < CUfll2lilloos 1™ 20 (f. 1) l2 < ClIAIE: (4.70)
IL'f1l2 < C(p. T) £ ]2, IL flloe < C(p. T)|lAlloc: 4.71)
1A]l2 < C(p, T), [Allec < C(p,T). 4.72)

The proof of the lemma follows as in [7], using also proposition 4.1 for (4.71) and (4.72)
and we do not repeat it.
As a consequence, reminding (4.67), and using |[f"~!||cc < C||"~!||00, We have

t
&2 /0 dsl|g D (5)|1

t t
< s PG [ AW+ TR [ a0+l 1)
Lot
(4.73)
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"% sup 18" oo < £C(¥ sup [|W"7'(5)]|o)? +€C(p. T)eY? sup B~ (5)|loc + £°Clps1).
0<s<t 0<s<t 0<s<t
4.74)

By using (4.73) and (4.47) we have

|[f<”>(t)\|§+e‘2/0 ds[|(T = P)f ™ (s)[} < (sup 83/2||h(”_1)(5)||oo)2/0 ds[lf "= (s)13

0<s<t

t
+Clp, T)z/ dsllf "= (s)[I3 + e1CC(p, T)( sup PRV (s)]l0)? + 21IF(0) 13 +1C(p, T)?.
0 SISt

4.75)
By using (4.74) and (4.41) we have
sup ||/ (s) |2, < € [63/2||ho\|oo + sup [[F"],
0<s<t 0<s<t
2
+eC(? sup A"V (5)]|oo)? +Cp, T)? sup A (s)]lo0 +*Clp,1) | - (4.76)
0<s<t 0<s<t
We assume that
IFOIR <co< 1, 2[h0)]% < o1 < 1. 4.77)

Inductive hypothesis: Fixed 7 > 0, assume

sup Sup7|[f(£)(t)||% < < 1, sup supi(<€3/2||h(£)(1‘)||oo)2 <m <kl
0<E<n—10<1<7 0<0<n—10<1<7
(4.78)

By using this assumption we have

sup |03 < mmot + Clp, T)?ino + iC.C(p, T)nt + 29 + 1C(p, T).

0<I<T
4.79)
We choose ¢, cp, C(p, T), Cy so that
Mo - 2 Mo - - 1
2¢o + tC(p,T) < 3 etCyC(p, T)ny < 3 mt+ C(p, T) 1 < 3
so that
(n) 2
sup Hll5 < no.
oot IF™ (012 < no (4.80)
Then
sup (||a3/2h(")(t)||oo)2 < CPei + Cny + €2C27ﬁ +eC(p, T)m + *C(p, t)z}.
0<r<r
(4.81)
We choose €, ¢j, and 779 so that
C*ci + Cny +54C(p, t)z < % e2C?y, +eCp,T) < %
so that
sup [|[A™]2, <. (4.82)

0<1<7

Therefore the inductive hypothesis is verified up to n. This shows that the sequence { f () H=oe
is uniformly bounded in L? by 79 and in L by 7. By similar arguments one can show that
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If — =D, < O|f "= — f(1=2)||, for some 6 < 1 and hence the sequence is convergent
and the limit solves uniquely (4.24). The proof of the positivity of F is standard [7]. This con-
cludes the proof of theorem 1.1.
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