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Stationary Nonequilibrium States in the Ising
Model with Locally Competing Temperatures
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We study kinetic one- and two-dimensional Ising models whose transition
probabilities occur according to two (or more) incally competing temperatures.
The model is solved analytically and studied numerically on different
assumptions to reveal a variety of stationary nonequilibrium states and phase
{ransitions; we also investigate the system relaxation in some typical cases.
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1. INTRODUCTION AND MODEL SYSTEM

Relatively simple nonequilibrium states (see, €.g., Ref. 1) occur when the
system of interest is coupled to some external agent (e.g., two baths at dif-
ferent temperatures), the coupling producing statiopary states characterized
by a small set of macroscopic parameters. Those situations cannot be dealt
with in general with the powerful ensemble theory for equilibrium Gibbs
states, but most usually one needs to develop specific approximate methods
for each particular problem. Thus, some recenl progress in this field
concentrates on mathematically well-defined lattice model systems®™ with
simple analytical solutions and nontrivial physical behavior.

This paper is also concerned with the description of nonequilibrium
stationary states and phase transitions occurring in a simple model system.
The model here consists, as in the familiar Ising model,*® of a simple
cubic lattice in 4 dimensions, at each site of which there is a spin variable
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s(x)=+1, x€ 7 EBach configuration s = {s(x), x€ Z7 has an interaction
energy defined by

H(s)= —J Z* s(x)ys(yy—nh Z s(x) (1.1)

where the starred sum is over nearest-neighbor lattice points x and v, J is
the coupling constant, and /i represents the external magnetic field. The
configurational density probability function FP(s) evolves with time
according to a Markovian master equation,

dP(s, 1)
dt

:Z[n\(sls’)P(s',l)—w(s"ls)P[S.t)] (1.2)

5

where w(s'|s) is the transition probability per unit time for s—s" It is
further assumed‘™® that each transition between consecutive configurations
s— s, just inverts the spin at a site, say s(x)— —s(x), with probability
wis'|s) = w(x;s) depending on the change of the configurational energy
AH = H(s') — H(s) that would be caused by the inversion. An explicit
expression for w(x;s) in Eq. (1.2) leads to equations for the relevant quan-
tities; for instance, one immediately has for the system magnetization

A g (s mixis) (13)
dt
where
CAY =Y A(s) P(s. 1) (14)

The equilibrium properties may then be obtained within the present
formalism by requiring that d{(A4/di=0, i.e, {s(x)w) =0, ete.

We shall, however, introduce a noneguilibrium condition in the model
by assuming that w(x;s) results from the competition between n different
microscopic mechanisms of evolution, namely

wix;s)=

pow'(xs) (1.5)

v [~1=

and
Z pi=1, P,=0 foralli (1.6)

Each mechanism i is characterized by a canonical transition probability w!?
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satisfying individually a detailed balance condition at temperature T.
Thus, there is a stationary regime for which

p sy w(xy sy, =0 (L7

i

NegE

i

and similar equations for higher products of spins. One notices here that
the case where each transition probability would drive the system to the
same equilibrium_ state satisfies {s(x)w'(x:s)>=0 for ali i, so that
Eq. (1.7) holds trivially, while the stationary nonequilibrium regime may
depend on the w'" and on the p, otherwise.

Even though the above model may be worked out, at least formally
and sometimes explicitly, for different temperature distributions T, we
shall refer here for the sake of simplicity to the case of only two competing
temperatures T and T,; that is,

wix;s) = pw'i(x;s)+ (1 — p) w(xss) (1.8)

This may be interpreted by assuming that the spin flip at each site x is
attempted with probability p as il it were in contact with a thermal bath at
temperature T, = T— AT and with probability 1 — p as if the temperature
of the bath inducing the transition were T, =T+ 47: T2 AT > 0. The limit
AT —0 then recovers the usual equilibrium case, while AT #0 reveals a
rich nonequilibrium behavior, which will be described in the following
sections. The more general case (1.5) with an arbitrary temperature
distribution T, is of course even more interesting, but we limit ourselves to
ilustrating the simplest case. This will be done, when #=0 and J> 0, by
solving the model in the case ¢ =1, by considering two different mean field
approximate solutions and a perturbative treatment around the
equilibrium (Qnsager) solution for ¢=2, and by performing a Monte
Carlo simulation in the case d=2; we consider both the case where
AT =const and the case of a temperature-dependent increment, such as
T,,=(1F6) T, é6 =const

2. SOLUTION FOR d=1

Let us first consider explicitly the one-dimensional case d=1 (i =0)
and Glauber's transition probabilities,””' defined as

Wi = {1 — dy.s(x)[s(x + 1) +s(x = 1)]} (2.1)
where

y,=tanh(2J/kT,), J>0 (2.2}
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It readily follows from Eq. (1.7} that the stationary regime is characterized
by

m{t—py,—(1=piy.]=0 (2.3)
where nt = (s(x)),. independent of x. The only solution of Eg. {2.3) with
phvsical relevance in the present casc (AT >0) is m=10. Le.. any stationary
translation-invariant state of the ferromagnetic model must have zero
magrnetization for all possible temperatures 0< T, < T,: even more.”, since
this is a translation-invariant attractive spin system. the uniqueness of that
stationary state also follows.™

Concerning {higher order) spin correlation functions, one only needs
to notice that the global transition probability {1.5) is given by

wix;s)=da{ =Sy ps(0){slx+ 1) +s(x - 1]}, = 0 P (24)

for the choice (2.1); the same solution thus follows as for the equilibrium
(d=1) model'” with an effecuve temperature given by

tanh(2J/kTy) =Y, p,tanh(2J/kT}) (2.5)

Since we are dealing with nonequilibrium states. they may depend essen-
tially, however, on the particular choice for w"". For instance, when one
replaces (2.1) by the so-called Metropolis rates. namely

W= {3+ + 07— s sl + 1)+ s(u=1)] +stx+ 1) stx— 1))

for d=1 where
wizexp( —4J/KT) (2.7

the same solution follows again as for the equilibrium case. except that the
effective temperature is now

Tol= —(kAN)inY pe ' (2.8)
instead of (2.5), while the special choice!'?”

Wil = — s [s(x + D +stx = D]+ IV s(x+1ys{x—1)  (29)

2 We acknowledpe a referee for this remark.
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with 7/ = tanh(J/kT}), leads to

m(l — 257+ P Cslx + ) s(x) six =115 =0 (2.10)

where
=Y pal GVELAY (21

which reveals itself as a more difficult case than (2.1) and (2.6) [in
particular, (2.10) shows the possibility of having nonzero magnetization
states in one dimension for a combination of dynamical mechanisms (2.9}
when the distribution of the values of s(x) is non-Gaussian].

3. A MEAN FIELD SOLUTION

Let us consider now the mean field version of the model with
transition probabilities (2.1) as defined, for instance, in the Bragg-Williams
approximation‘®’; namely

wi® = La{1—7.s(x)] (3.1)
where
5. =tanh(Jm/kT), />0 (3.2)
and
m= (5(x) Y= N [s(D) +5(2)+ - +5(N) ]

with the latter equality becoming an identity as N — co. It then follows
from Eq. (1.3) that

dmjdc = p(5,—m)+ (1 = p)y2— 1) (3.3)

where 1= tx. This predicts ferromagnetic ordering in the stationary state
below a critical (mean) temperature, Lc., when T<T,, where T, will be

determined below. Before looking explicitly at this fact, however, we notice
that the nonlinear equation (3.3) may be expanded around m=0 to write

dmfdt = —(l—-A)m—Bm3 (3.4}
with

A= pKri 4 (1—p)Kil,  B=3(pKT+(—p) k7’1 (35)
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where we have introduced the notation K=Xk7/J. etc. The corresponding
solutions are

mzﬁ‘z[f?rn(,‘?—kb‘)exp(,?gtl—lj] e (3.6}
where m,=m(t=0), when 4=1— A4 £0. and
m=(2Br+my?) 't i3.7)

when A = 1. The interpretation of Eqgs. (3.6) and (3.7) is similar to that in
the equilibrium case: the relaxation from any initial magnetization nr,
slows down as one approaches the condition 4=1. This corresponds
indeed to the critical temperature X, given that the stationary regime for
K< K, (m#0) is characterized, according to Eg. (3.4). by the condition
Bmn* + {1 — A)=0 leading, in particular, 1o A — | as n1 - Q.

The critical temperature is thus determined by the condition

K:— AK?= p(K. + AK)+ (1 — p)(K,— 4K) (3.8)

or, dropping the alternative minus sign, which happens to be physically
irrelevant,

K,=3{14 [14+402p—1) 4K + 44K> "D (3.9)

This exists for all AKX and p and has the correct behavior when p =0, 1, 1e,,
for the “pure” equilibrium mean field cases at temperatures KT 4K with

critical temperatures 1 F 4K, respectively. In particular, one has, for small
4K,

K =1+ (2p—1)AK+4p(1 - p) 4K> + C(4K*) (3.10)

predicting, for instance, very small corrections to the equilibrium case
K.=1 when p=1 One also has from Eq. (3.3} in the stationary state

m = p tanh(miK,)+ {1 — p) tanh(n/K,) (3.11)
or, for small values of m,
m~ B(—¢), e=T/T, — 1 (3.12)
with
B =B '[pK?+(1—-p) K] (3.13)

and =1
The above model with 4K =const is thus characterized by a classical
critical behavior. Nevertheless, a more involved situation follows (within
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the present mean field approximation) when 4K is temperature-dependent.
Let 0<AK=/[(K)<K and. near the critical  temperature,
AK = f(K.) +ae+ O(c*), where ¢ = K/K.—1 and a= [ (kWK K,.. Then
K =K+ (K. Fa)e >0, with K¢, =K, T f(K,). On the other hand, the
stationary state near K, may be characterized, according to Eq.(3.4), as
(1—A4)+ Bm* — C(m*y=0, where A and B are the functions defined in
Eg. (3.5), which may be expanded as

A=14(—2)a, +&%a, +C(e) (3.14)
with

cnEp(n’ff—a)(K‘{)‘zﬁLH—,'J)(K(-+a)(1’<5)’2 (3.15)

azEp(Kma)(Ki)”Hl—p)(Kcha)(KS)"‘ (3.16)

a,>0 for all a and p, and B=B_+0(¢), B.>0, for all a and p. The
stationary condition may be written accordingly:

miB, = —a e+ ay(—e)’ +E(m?, ¢, m’e); a,,8,>0  (3.17)

Three cases seem of interest. When a, =0, one has from Eq. (3.17) that
m~ (—e)(a,/B,)"?, implying f=1. The case 2,>0, on the contrary, is
again classical, given that it implies m~ (—e)(a,/B.)"? + O(e); the
relevant example K,,={(1Fd8) K, 0<d<l, so that 4K = f(K)=6-K,
belongs to this class, with a=45-K.. Finally, when a, <0 the solution m
from Eg. (3.17) is no longer real. The example 4K~ § -¢, 6 =const, near T,
is compatible with the above three cases. One has immediately
Ki=Ki;=K=1land ¢, =1+5(1—-2p), s0 that a, = 1 for p=4; when p> 3
(p <4 is symmetrical with 8 <0}, a, i8 positive, zero, or negative depending
on whether & is smaller, equal to, or larger than (2p — nh

Let us consider now two interesting limits in the equations above,
namely (1) the lowest temperature is zero, K, =0, and K, is finite, and (2)
K, = K is finite and K, =K+ 4K is a very high temperature, say 4K = oc.

The mean field solution (3.11) reduces in case 1 to

m=p+{l— p)tanh(m/K;) (3.18)

implying m >0 for all p (>0) and K,: ie., a [inite temperature K, cannot
destroy completely the freezing produced by the lowest temperature. In
particular, when K, is large enough one has from Eq. (3.19) that

me=p[l+(1—p)aK] (3.19)
Case 2, on the other hand, is characterized by

m = p tanh(m/K) (3.20)
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becoming nonzero lor K< K.= p, ie, there is always (in the present mean
field approximation) a phase transition to states with some spontaneous
magnetization in spite of the strong perturbation introduced by the
mechanism at infinite temperature.

4, CLUSTER STATISTICS: d=1 AND 2

The basic model in Section | may also be solved by following a
method used recently by Dickman'’ in a different nonequilibrium
problem.”*’ The method, which in some sense reduces to the mean-field
Bethe approximation for equilibrium problems, rests upon specific rate
equations [approximations belonging to the family of the master equation
(1.2)] for the density of spins up, n = N /N, and for the density of up-up
pairs of spins, u= N, ,/3gN, where g represents the lattice coordination
number, with the general structure

da

dzzF(a)E Y w(4H) P(local conf.) 4a

local conf.

where a represents n or ., and Ja is the corresponding change in the
transition. Such an equation can easily be written explicitly by a detailed
counting of (small) cluster configurations, their respective probabilities of
occurrence P(local conf.), and the corresponding transition probabilities for
the inversion of the central spin.'®’

In. order to illustrate the method, we first consider a one-dimensional
chain of spins with nearest-neighbor interactions in contact with a single
bath at reduced temperature K. There are eight diflerent configurations in
this case: + ++, —++. ++—, —+—, +—+, ——+. +—— and
— — — with respective probabilities P= win, w{n—u)/n, u(n—uln,
{n—u)*n, (n—u)* /(1 —n), (n—u)(l —2n+ul(l —n), (n—u)(l —2n+u)/
(1 —n}, and (1 —2n +1)%/(1 —n). When the inversion of the central spin is
governed by the Metropolis dynamics, ie, when w= min[l, exp
(—4H/kT)], the corresponding transition probabilities are n =exp( —4/K)
for + + + and — — —, and 1 for the rest of the configurations. Thus, one
may simply write

dnfdt = F\(n, u; 1) (4.1)

with

2 2

20 u z ou YA
F,(n,u;r;):n(?——”-)-Jrl(n—u)(;—;)-&-(ﬂ—u)'(;—;) (4.2)
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where t=1—nand =1 -—2n+u, and
dufdr = Fa(n, ;) (4.3)
with
Fan,u;n)= —2n%;— Zze%ﬁﬁ- 2 n _r”)l-k 2(n— u]% (4.4}

To go beyond this pair or first-order mean field approximation, one would
write equations similar to (4.1) or (4.3) for the concentration of triplets of
spins and introduce the corresponding variables into F|, F,. Fs, etc.

Every equilibrium state of the system is characterized in the present
approximation by a pair of values for the independent variables » and u
satisfying the stationary condition £, =0 and F, =0 and the corresponding
stability condition; it follows that the latter reduces in practice here to the
condition

(0F,jon),, <0 (4.5)

Above the critical temperature T, the system may also be characterized by
the property that m =0 and, consequently, that n=v=jand u=2z, so that
it follows from F,=0 that

1 1

U=——"s,
21+

T>T. (4.6)

Consequently, the critical point {where the stability of the solution r =1
breaks down) satisfies

(aF!/an)n=I/2.u=uc=0 (4.7)
or, explicitly,

2 (1 —uw) u+ (3—u)2]=0 (4.8)

whose only solution [which is also a solution of Eq. (4.6}] is

u, =1, n.=0 (4.9)

That is, the critical temperature for the Ising chain follows here as T. =0,

c

as in the case of the Bethe approximation when the lattice coordination
number is g =2.
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The relevance of the above equilibrium example for our purposcs rests
upon the fact that Egs. (4.1)-(4.9) hold also in the case of a chain of spins
with two competing temperatures: the only difference is that now one has

n=pexp[ —4(K—aK)]+ (1 —plexp[ -4 (K + AKYV] (4,10}

Thus, unlike the equilibrium case, # is positive {or any p such that U< p < 1
and 4K #0 and. as a consequence, there is no critical point at all. te.
Eq. (4.5) is always fulfilled.

This compels one to consider the two-dimensional version of the
model in the same approximation. The relevant functions in this case arc

L2 2

11 z NEEA
Fi={n—-uw? (—3——3)+4(Pl —u)? (—3—11> + 6{n—n)” (-;—u—lj
v’ n v on” ¢t

22w FARETa
+4n,(n-u)(F—F>+ng(F—;3) (4.11)
and
1 (n—u)* 3z u 22t
ZF2= 3 +(F’l II)B(—S—?)+3(H*‘H) (F—F)
22 3 ut )
+m("—“)(j—'—3)—’7:‘3 (4.12)
v on a

where n,=pn+{l—p)y and n,= i+ (1—pyn”, with p=exp[ -4/
(K—4K)] and n' =exp[ -4/ K+ 4K)] for Metropolis dynamics. for
T>T, (ie, m=0: n=v=4%and ¥=:), one has in the stationary state

(1=2u)® (1 +2u) — 16 [u(n,— 20,) + 1, ] =0 {4.13)

giving u(T> T,) as a function of K, 4K, and p, while the condition {4.7)
produces

ngud(du, — 1y = 6n§ui(d —u ) + s —u ) Gu — 1)
+ w6~ 1)+ i) =0 (4.14)
When u=u.=1/3, Eqs. (4.l>3) and (4.14) reduce to a single equation,
S—16(n, +n5)=0 (4.15)

This characteries the critical temperature as a function of p and 4K
Figures | and 2 represent the variation of K with p and AK. Figure 3, on
the other hand, represents the coexistence curve m=m(K,) for different
values of 4K and p obtained as a solution of F, =0 and F; =0.
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0 1 ) 2 3

LK

Fig. 1. The critical temperature K as a function of 4K, from Eg. (4.15), for different values
of p: p=1, 09, 084375, 0.5, and 0.25 from top to bottom.
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Fig. 2. Plot of K{ as a function of p, from Eq. (4.15), for different values of 4K: 4K =0, 0.1,
1. 1.442695, 2, S, and 10 from top to bottom.
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(]

Fig. 3. The coexistence curve m = m(K} for the two-dimensional model with two competing
temperatures for different values of 4K and p. The curves are, from top to bottom, as [ollows:
{(—)p=4}and 4K=0,05 15 and 2; (- -) p=08 and 4K=2.5 and 3.75.

40r
AK

32r

24r

16

D . L L | s 1 " 1 N 1
0 0.2 0.4 0.6 0.8 i

P

Fig. 4 The quantity 4K producing a zero critical value for the lowest temperature, K{ =0,
as a function of p. The vertical line is the asymptote p* = 27/32. Thus, oniy the region below
and to the right of the solid line 4K*{p) corresponds 1o the existence of a positive critical
temperature K.
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Those figures reveal an interesting fact. Figure 1, for instance, shows a
monotonic decrease of K¢ toward zero with increasing 4K when p is
smaller than. say, p* (represented by a solid line in the figure). revealing
that there is no positive solution K{(p, AK) when 4K>AK*(p). The
function K*{p) is depicted in Fig. 4. The above value for p* can be
obtained by making K¢ =0 in Eq. (4.15); it follows that the values of K¢ for
which K¢ =0 are given by

7t =exp(—4/K5) = —L+ 1[1+5/4(1 - p)]"? (4.16)

which cannot be satisfied (n! < 1) when p = p* =27/32.

5. APPROXIMIATE CORRELATIONS

Let us consider in this section the two-dimensional version of the
model with nearest neighbor interactions characterized by a transition
probability given by

' {
w(r) =§: |:1 —Evisx,y(sx+ Iy + Sy 1.y)]

1
X[I_E'Yisx.)'(sx.y+l+sx.}l)] (51)

where i = 1, 2; 7, is defined in Eq. (2.2); T,,= T+ 4T; and x (y) represents
the index describing the lattice sites in the horizontal (verucal) direction.
The properties of the stationary state follow from Eq. (1.7) as

mL+2p(y; —v1) = 2v2] + 3lpyi + (1= p) v3]
<3x,y(s.r+ l,v + sx— l.y)(sx._\-A 1 + sx.y+ 1 ) >S[ = 0 (52)

In principle, the correlation functions in this expression may be treated
approximately by assuming that their nonequilibrium behavior at tem-
perature T is the weighted arithmetic mean of the corresponding exact
equilibrium behaviors at temperatures 7, and T, (i.e., with weights p and
1— p, respectively), with these obtained from the Onsager solution. This
amounts in particular to the neglect of some nonequilibrium effects in the
correlation functions, but, as the approximation becomes exact in the limit
AT -0, one may still hope to get a good description for small values of
AT; of course, the most important deviations from the real behavior will
show up near the critical temperature, where the situation is essentially
governed by the correlations.
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Let mq(T) represent the Onsager solution at temperature 7,
mo(T)=[1 —(1—77)7y *3"® (5.3)
One has from Eq. (1.3) for the equilibrium state
mo(TH(1 =2y )+ 4y {s(s +s)s+5)5,=0 (5.4)

where s(s+ s)(s +5) is a simplified notation for the averaged quantity in

Eq. (52Yand (..., represents the equilibrium average at temperature 7.
Our assumption is thus

(S(s+s)s+5)0g
= —dpyimg(T )1 =2} =41 = p) vy 2mo(To)(1 - 275) (3.5)
which can be used in Eq. (5.2) to obtain the basic equation for the model:

pyi+ (1= p)v3
14 2p(y:—7,) — 2y,

+(1=p)y7°mo(T5)(1 = 27,)] (5.6)

m{T}= [PVmeO(Ti)“ —27)

This may easily be generalized along two different lines: the consideration
of more than two temperatures, as indicated in Section I, and the introduc-
tion of different coupling constants, say J, and J,, for the two principal
directions of the lattice.

The expansion of Eq. (5.6) for small values of 4T produces after some
algebra the result

m(T) =mo(T) — (2p — 1) AT 8mof/eT+ --- (5.7)

where the term of order 472, which represents the leading deviation from
the equilibrium value m, when p =1, is a complicated function of p, y, m,,
omy/éT, and 6,2,,0/61'2; we avoid writing it explicitly here because it turns
out to be more convenient to use Eqg. (5.6) directly for practical purposes,
and also because the range of validity of the present approximation reduces
in practice to very small values of AT. The interest of Eq. (5.7), which has a
singularity at T = T8 where dmo/dT is not well defined, rests upon the
fact that one can see explicitty how the conmsideration of some non-
equilibrium effects introduces corrections to the equilibrium behavior
my(T). It also allows one to find a criterion for the vahdity of this
approximation; that is, from the condition (2p—1) 4T(dmy/¢T) < my(T)
one has the requirement

T< T;)nsagcz__%(zp_l)AT (58)
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implying, in particular, that one should not trust the critical behavior (e.g.,
values for the critical indexes) following from this approximation. The
overall behavior predicted by Eq. (3.6) only compares well with the Monte
Carlo data for AT <005 A better approximation would require the
introduction of the concept of an effcctive temperature {along the lines of
the argument at the end of Section 2) wogether with an appropriately renor-
malized Hamiltonian, a task that goes beyond the scope of the present
paper.

6. A MONTE CARLO EXPERIMENT

The results obtained via different approximations in the preceding sec-
tions can be compared with the behavior of the basic model in a series of
Monte Carlo experiments. The model in Section | was implemented in the
computer by choosing at random with probability P, the temperature T
that enters into the transition probability for the inversion of the spin at
the randomly selected lattice site. We shali refer to the case T, =T — 4T,
T,=T+ 4T, p, = p» =}, and Metropolis dynamics. The system is a square
lattice of size 96 x 96 (and sometimes 152 x 152). We used the so-called
multispin coding!"'>’ and a shift-register random-number generator,!'?)
namely ¥,=XOR (Y,_,.,, ¥,_,) with p=103, 4=250; the former was
written in PROFESSIONAL FORTRAN for IBM PCs with 8087
coprocessors. The total data required 3480 hr in our student computer lab.

The magnetization data for 96 x 96 lattices are presented in Fig. 5. Our
first observation here refers to the finite-size effects, which are apparently
larger than in the equilibrium (i.e.. 47=0) case, e.g, the finite-size tails in
Fig. 5 are similar to the ones when the lattice is 60 x 60 for 4T=0, and
they decrease by 15% when we used instead 152 x 152 lattices. We expect
to study those finite-size effects in the near future in more detail, and
concentrate now mostly on the qualitative aspects of the phenomena. The
situation depicted by Fig. § is, on the other hand, rather clear: 47 =0.05
produces unobservable differences from the equilibrium Onsager case,
while AT =0.5 shows a definite shift of the critical temperature toward T,
(4T =0.5)=2.25+001 J/k. As expected, the mean field approximation in
Section 4 only describes the data qualitatively (cf. Fig. 5); note, however,
that some of the differences between mean field and Monte Carlo results
are probably just a consequence of the differences in dynamics implied by
the mean field approximation (cf. last paragraph in Section2}. The
approximation in Section 5 is more accurate, but it fails to reproduce the
data near T_even for AT =0.05.

The energy data are represented in Fig. 6; this basically confirms our
observations above. In particular, Fig. 6 reveals that the only differences
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Fig. 5. The system magnetization as a function of the mean temperature in the case of a
series of Monte Carlo experiments for 4T =(C) 0.05 and (@) 0.5 p, = p, =1}, compared with
() the equilibrium result and (- -} the respective predictions in Section 4. The dashed lines

ate also for A4T= (upper) 0.05 and {lower) 0.5, and they are normalized horizontally to the
Onsager critical temperature.
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Fig. 6. The system energy as a function of temperature in the case of the Monte Carlo
experiments; same symbels as in Fig. 3. (—) The Onsager (equilibrium) result; (- -) a cubic
interpolation to the data.
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Fig. 7. The specific heatas a function of temperature; (O, ®; same notation as in Fig. 5) the
values obtained from the energy fluctuations; (—; - -} results from a temperature derivative of
the energy data in Fig. 6 (after performing cubic interpolations of those data).

between the data for 47=005 and the Onsager result occur extremely
near the critical temperature. Figure 7 shows the behavior of the specific
heat obtained from the fluctuations of the energy; this is also compared in
the figure with the behavior of the temperature derivative of the energy;
both computations give the same result for the present noneguilibrium
problem.

ACKNOWLEDGMENTS

We acknowledge useful discussions with Joel L. Lebowitz and the
suggestions from the- referees, which prompted us to make more explicit
some results in Sections 2 and 4. This work was partially supported by the
CAICYT, Project PB85-0062 and by the U.S.-Spanish Cooperative
Research Program, grant CCB-8402/025.

REFERENCES

L. S. R. de Groot and P. Mazur, Nonequilibrium Thermodynamics {Dover, New York, 1984).
2. H. van Beijeren and L. S. Schulman, Phys. Rev. Let. 53:806 (1984).
1 A. de Masi, P. A. Ferrari, and J. L. Lebowitz, Phys. Rev. Lert. 55:1947 (1985).



568 Garrido, Labarta. and Marro

4 R. Dickman, Kinetic phase transitions and tricritical point in an lIsing model with
competing dynamics, Phys. Lett. 4, submitted.

s. P. L. Garrido and J. Marro, Physica A, in press.

6. C. ]. Thompson, Mathematical Statistical Mechanics {Princenton  Urniversity Press.
Princeton, New Jersey, 1972).

7. R. §. Glauber, J. Math. Phys. 4:294 (1963},

g K. Kawasaki, in Phase Transitions and Criticai Phenomena, Vol. 2. C. Domb and M. 5
Green, eds. (Academic Press, London, 1972).

9. T. M. Liggett, Interacting Particle Systems (Springer-Verlag, Berlin. 19851

10. A. de Masi, P. A. Ferrari, and J. L. Lebowitz, Piys. Rev. Lew. 55:1947 (1985

11. K. Binder and D. Siaufler, in Applications of the Monte Cario Mothods 1 Statistical
Physics (Springer-Verlag, Heidelberg, 1984).

12. R. Zorn, H. J. Herrmann, and C. Rebbi, Comp. Phys. Commun. 23:337 (19811,

13. Kirkpatrick and . Stoll, J. Comp. Phys. 40:517 (1981).

Printed by Catherine Press, Lid., Tempethof 41, B-8000 Brugge, Belgium



